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ABSTRACT: Free-radical polymer—polymer grafting may lead to gel formation. Due to the different
possible combination and termination reactivities of each polymer backbone radical, polymer chains are
cross-linked in a nonrandom manner. A general model has been developed using the method of moments
to predict the development of molecular weights in the pregel period and the gel point. It is found that
the gelation behavior is governed by the product of the radical termination reactivity ratios (rirz)
irrespective of their individual values. Analytical solutions of the differential equations of the moments
have been derived for the limiting cases of rir, =0, 1, and «. The model reduces to the Flory—Stockmayer
classical gelation theory under the condition of random cross-linking. It deviates from the classical theory
when the cross-linking process becomes nonrandom. The magnitude of the discrepancies depends on

the kinetic parameters and reaction conditions.

Introduction

Polymer grafting allows the conversion of commodity
polymers to value-added specialty polymers.! For ex-
amples, maleic anhydride oligomers are grafted onto
polyolefins to improve the adhesion of the base polymers
to metals and glass fibers. Grafting highly charged ionic
polymers onto high molecular weight polyacrylamide
can give better flocculation effects. Elastomers are
grafted onto polypropylene to enhance impact strength
for applications in the automobile industry.

Such polymer—polymer graftings are often imple-
mented via free-radical mechanisms in solution or in
melt phase. Chemical initiators such as peroxides and
azo compounds and y or electron beam radiation provide
radical sources. The initiator molecules are decomposed
into primary radicals at an elevated temperature.
These primary radicals and y-rays or electron beams
have sufficient energy to abstract or eject atoms from
polymer backbones, thus generating backbone radicals.
For a binary polymer system, two types of backbone
radicals are formed: R'and R" with the radical centers
located on the base polymer (1) and on the graft polymer
(I1), respectively. The radicals are terminated by com-
bination to form cross-linkages. There exist three types
of possible cross-linkages (I—1, 1111, I—=11). In the case
of a 111 type of cross-linkage, a graft polymer chain is
said to be grafted onto a base polymer.

Backbone radicals are continuously generated and
terminated during the course of free-radical grafting.
Successive cross-linking would eventually lead to gel
formation. A gel molecule is a three-dimensional poly-
mer network that has an infinitely large molecular
weight, as defined by Carothers.?2 Gel formation is an
important feature in free-radical polymer—polymer
grafting. In almost all commercial applications, the
level of cross-linking must be carefully controlled and
optimized. Excessive amounts of cross-linking may
cause inferior product properties and/or damage to
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equipment. It is therefore essential to understand the
molecular processes involved in gel formation during the
course of free radical grafting.

Following the pioneering work of Flory and Stock-
mayer,34 many gelation models have been developed for
these purposes (see refs 5—15 for examples). However,
all models to date assume random cross-linking pro-
cesses in which backbone radicals combine indiscrimi-
nately with each other. In other words, radicals of
different types are assumed to have the same reactivi-
ties of termination by combination. In the present
grafting system, reactivities of the two types of backbone
radicals (R! and R') can be very different; one type of
radical might favor termination with either the same
type or the other type. If the radicals are exclusively
terminated with their own types, interpenetrating
polymer networks are formed. For grafting purposes,
the ideal condition occurs when the radicals prefer to
be cross-terminated between different types.

Gel formation in such a grafting process proceeds in
a non-random manner. The extent of nonrandomness
depends on the relative magnitudes of the rate constants
of termination by combination of the radicals R' and
R"™ K, Kinm, and K (note Keun = Kicim).
Analogous to the terminal model of monomer propaga-
tions during chain-growth copolymerization (refer to
basic polymer chemistry textbooks, e.g., Hiemenz23), let
us define the reactivity ratios as r; = K in/Kee,yn and ra
= Kie,im/Kie,un-  The magnitudes of ry and r; reflect the
extent of nonrandomness of the gelation process.

Modeling of gel formation via non-random cross-
linking provides a great theoretical challenge. The
classical gelation models®4 based on random cross-
linking need to be generalized to take into account the
effect of variable termination reactivity ratios. This
work presents a gelation model of non-random cross-
linking for free-radical polymer grafting using the
method of moments.

Theory

The polymer grafting system considered in this work
is described by the following elementary reactions:
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backbone radical generation via atom abstraction

rK Ly |
RO + I:’r,m Rr,m (1)
R, + P, Rl 2
0 r,m r,m ( )

backbone radical termination by combination

| ] Klc,lll
I:zr,m + Rs,n Pr+s,m+n (3)
1 1 Ktc,I/II
Rr,m + Rs,n Pr+s,m+n (4)
Kie, i
er,m + R;,In Pr+s,m+n (5)

where Rq represents the molar concentration of primary
radicals generated by thermal decomposition of initiator
molecules (mostly peroxides). Rp can also represent
y-ray or electron beam intensities depending on the
exact radical source; Py, is the concentration of polymer
chains having r monomeric units of type | and m
monomeric units of type II; R}, and R/, are the
concentrations of radical chains having r monomeric
units of type I and m monomeric units of type 11, with
the superscripts | and Il indicating the type of radical
center. It should be noted that the number of hydrogen
(or any other abstractable) atoms associated with a
polymer chain P, is proportional to its number of
monomeric units r and m and, therefore, the rate
constants for a primary radical abstracting an atom
from polymer P, are rK}, in reaction 1 and mK}, in
reaction 2. K, Kicim, and K i are the rate con-
stants of bimolecular termination by combination be-
tween the radicals R'/R', RY/R!, and R'/R!, respectively.
We now define the following kinetic parameters:

o= Kab/Kap (6)
= Kein/Kee i (7
;= Kenm/Ke i 8)

Analogous to the terminal model of monomer propaga-
tions in chain-growth copolymerization, r; and r, are
termed the reactivity ratios of radical termination by
combination. « is the ratio of rate constants for back-
bone radical generation. The magnitudes of «, r;, and
r, reflect the extent of nonrandomness of the gelation
process.

We also define the relative moments of the polymer
chains,

0 0

Z z riijr,m
r=1lm=1

U: = (9)

[ )

T’Wprz z (r+mpP,,

=1m=1

and the cross-link density (i.e., the number of cross-link
points per primary chain on a weight-average basis),

Z=yl,, (10)

where y is the number of cross-link points per mono-
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meric unit. (It should be noted that two cross-link
points form one cross-linkage and that the cross-link
points discussed in the present paper are those formed
by intermolecular reactions.) T, is the weight-average
chain length of the blend of base and graft primary
polymers

Fwp = Walyp1 T Wolyg o (11)

wi and w» are the weight fractions of the two polymers.
Twp,1 and Ty 2 are their weight-average chain lengths.

After some lengthy but straightforward algebra based
on the population balances of polymer species and the
method of moments,16.17 the following equations for the
second-order moments can be derived (as shown in
Appendix A):

2 2, .2
du,, Uy, + 2AuyoUy ; + A°UT

dz W2 4 2Aw,W, + 12W3

(12)

2 2
du;;  rirUouy; +Aui; + AUy Uy, + 47Uy 5Ug

dz rroWe + 2Aw,w, + A°w5 13
2 2, .2
dug , _nrup; t 2Auy 1Ug, + A7Ug 5 (14)
dz rrwWs + 2Aw,w, + A%
where
_ \/ _ 2 4
1= (kWy — W) + 4/ (kW, — W;)T + 4kl W, W,
2w,
(15)

In this paper, we are only interested in the moments of
second order since it is known that the weight-average
chain length approaches infinity when the system
reaches the gel point. The weight-average chain length
can be calculated from the second-order moments as
follows,

W=y » @+ m)ZPr’m/Z > (r+mpP,, =
r=1Im=1 r=1lm=1

(Uzo + 2up; + Ug T, (16)

In general, egs 12—14 can be solved numerically using
the following initial conditions:

Uy o = Wy/(wWy + W,y) (17)
u,=0 (18)
Ug o = Wyy/(Wy + Wyy) (19)
where
Y = pr,zlpr,l (20)

A careful examination of egqs 12—14 reveals an
interesting point: the molecular weight development
and gelation behavior of such polymer grafting systems
are governed not by the individual termination reactiv-
ity ratios r; and r, but by their product rir,. As can be
seen in these equations, the two reactivity ratios always
appear together. Therefore, the present model has a
total of four parameters. They are the following: (1)
the ratio of the rate constants of atom abstraction from
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monomeric unit type Il over type I, «; (2) the product of
the termination reactivity ratios, riry; (3) the weight
fraction of graft primary polymer, w, (note: w; =1 —
w,); and (4) the ratio of the weight-average chain lengths
of primary polymers of type Il over type I, y. The first
two parameters are rate constants while the last two
are experimental conditions.

It should be pointed out that there are some assump-
tions involved in deriving the above model. The major
ones are as follows: (1) monoradical assumption, i.e.,
no polymer molecule is allowed to have more than one
radical center; an individual chain bears either one
radical center or none at all; (2) the stationary-state
hypothesis, which suggests that for individual polymer
species the rate of generation is approximately equal
to that of consumption; (3) random atom abstraction,
i.e., atoms on monomeric units of the same type have
equal probability to be abstracted regardless of their
location in a polymer chain; and (4) no chain cyclization.
Justification and/or clarification of the first two as-
sumptions has recently been carried out.181°

Results and Discussion

Flory’s Classical Gelation Theory.3* According to
the gelation theories based on random cross-linking, at
the gel point,

T,z =1 (21)

w

i.e., the system becomes gelled when, in terms of the
weight average, each primary polymer chain bears one
cross-link point. This criterion is general for a random
cross-linking process. For nonrandom cross-linking
processes, the results deviate from eq 21 with the
magnitude of the deviations depending on the four
parameters: «, rirz, wz, and y.

In general, the differential equations 12—14, with the
initial conditions eqs 17—19, can be solved numerically
for an arbitrary set of the parameters. However, in this
paper, we provide analytical solutions for the following
useful limiting cases.

Case I, rir; — 0. At least one type of radical is
disallowed to terminate with its own type (i.e., Kiin =
0 and/or K 1y = 0). This type of radical is exclusively
cross-terminated with the other type (K1 = 0). This
is an ideal situation for grafting. Under this condition,
the following analytical solution of eqs 12—14, with the
initial conditions eqs 17—19, can be obtained in two
sequences.

“'| =l

W
i AP, W,y Il* [(2x—1)wyF+iew,]w,yz ]
(Wl_KW2)2+4K2W1W2V1 TW1(W1‘*"<W2)(Wl‘*'WzV)Z
1- 21 > .(Wl—KW2)+ 2w,72 i
(W — kW) *+dic®w oy | (W +rwp) (W +W,y)
(22a)

for w, < 1/(1 + «), and
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Figure 1. Weight-average chain length, Tw/Twp, Versus cross-
link density, z(=y x Twp). The weight-average chain length
diverges rapidly when the reaction system approaches the gel
point. The classical gelation theory®#* based on random cross-
linking predicts the gel point at yrw, = 1. The present model
takes into account the effect of the nonrandomness on gelation.
The curves are calculated using eq 22, which is the analytical
solution of egs 12—14 under the condition of rir; = 0.
Parameters: (A)w, =0.5,y =1,andk =1, 0.5, 0.2; (B) w, =
05, «k=1,andy =1,0.2,0.1.

?W

=l
o

W]
[(2—)wtw,Jw,yz

W, (W, +KW,) (W1+W27)2

W,z

vz
1- (W, —w,)+
W (W W) (Wy +w,y) 2

(W Frew,) (wy+w,y)
(22b)

for w, > 1/(1 + «).
Therefore, gelation occurs at

z, = [(Wy + kW,)(W; + Wpy)/2K°W,y] x

[\/ (Wy — ,kW,)* + dkPwyw,y — (Wy — kw,)] (23a)
when w, < 1/(1 + «), or at

Z, = [(wy + ew,)(wy + w,y)2w,] x

[y Gew, — wy)? + dw,wyly — (kew, — wy)] (23b)
when w, > 1/(1 + «).
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Figure 2. Prediction of the gel point, y x Tup, as a function of the weight fraction of graft primary polymer, wy, for the case of rir
= 0. The curves are the prediction of eq 23. Parameters: (A)x =0.2andy =1,0.5,0.2,0.1;(B)x =05and y =1, 0.5, 0.2, 0.1;
(C©)k=1landy=1,05,02,01,(D)k=2and y =1,05,0.2,0.1; (E)k =5and y =1, 0.5,0.2,0.1. Thelineofy x Tw, =11is
the result of random cross-linking. The further removed from unity « and y are, the farther the z curve will be displaced from the

line.

Figure 1 shows some typical examples of the weight-
average chain length development for sol polymers in
the pregel period. It is well-known that the weight-
average chain length, as well as other average chain
lengths of higher order, diverges rapidly and simulta-
neously when the reaction system approaches the gel
point. At the gel point, a three-dimensional polymer
network with infinitely large molecular weight starts
to appear. In the pregel period, branched polymers are
formed by combination of the primary chains through
termination of backbone radicals. The branching pro-
cess substantially increases polymer molecular weights.
Continuation of the branching process eventually leads
to gelation. Once a gel molecule is nucleated, it grows
rapidly (analogous to “sponging”) by coupling with
highly branched sol polymers.

Depending on the values of «, y, and w,, the weight-
average chain length diverges at different cross-link
densities. Figure 2 shows the predicted gel point z (=
y X Twp) as a function of the weight fraction of graft
primary polymer w, for different x and y. In the case
of random cross-linking, the value of z at the gel point
equals unity regardless of the weight fractions, which
coincides with the condition of x = y = 1. Deviation of
« from unity tends to hasten the gel point, while
deivation of v from unity tends to delay the gel point.
However, the function is rather complicated when both
parameters depart from unity as shown in the figures.
In general, the further removed from unity « and y are,
the farther the z curve will be displaced from thez =1
line.

It should be pointed out that in principle egs 22 and
23 are also applicable to the coupling of two reactive
polymers.20-22 |n such a system, each polymer chain
bears many functional groups along its backbone.
Grafting is implemented through in situ condensation
of the coreactive functional groups associated with
different polymers. However, functional groups of the
same type do not react. It therefore satisfies the
condition of rir; — 0.

Case Il, rir; — . In this case, the cross-termination
of radicals of different types are disallowed (i.e., K,
=0). Radicals are therefore exclusively terminated with
their own types (i.e., Ken = 0 and K #= 0). Two
interpenetrating polymer networks are thus formed.
Substituting rir, — o into eqs 12—14 yields

Wy
T w; + W,y
T 1 z '
(W + kWp)(Wy + w,y)
Woy
Wy + W,y

o (24)

(Wy + W) (wy + w,y)

A gel molecule based on type | polymer chains is formed
when the first term on the right-hand side of eq 22
approaches infinity, i.e.
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Figure 3. Prediction of the gel point, y x Twp, as a function of
the weight fraction of graft primary polymer, w,, for the case
of rir, = 1. The curves are the prediction of eq 27. Param-
eters: (A)k=05andy=1,05,0.2,01;(B)k=2andy =1,
0.5, 0.2, 0.1. The condition of rir; = x = 1 corresponds to the
random cross-linking.

zo = (W + kwW,)(W; + Wyy) (259)

Another gel molecule based on type Il polymers is
formed when the second term on the right-hand side of
eq 22 approaches infinity, i.e.

ze = (Wy + xew,)(Wy + Woy)lky (25b)

Which gel molecule appears first in the system depends
on the value of ky. If ky <1, the gel molecule of type I
appears first; otherwise, the gel molecule of type Il
emerges earlier. The system is gelled when the first
gel molecule appears.

Case I, rir, = 1. Under this condition, the follow-
ing analytical solution can be obtained for eqs 12—14
with the initial conditions egs 17—19,

(1 — K)°W,W,yz

F_w _ (W, + kW) (W + Wyy)? (26)
Tup (W, + K°W,y)z

(w, + KWz)Z(Wl + W,y)

At the gel point,
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, = (W, + 1ow,)?(Wy + Wyy)
.=

(27)
W, + K°Wyy

It becomes clear that eq 27 fully agrees with the
classical gelation theory3# (i.e., z. = 1) provided « = 1.
Indeed, the condition of rir; = ¥ = 1 corresponds to the
random cross-linking process: the backbone radicals are
randomly generated and randomly terminated regard-
less of the polymer types. The gel point deviates from
z=1when k¢ = 1. Figure 3 shows some results for x =
0.5and k = 2.

A final point worth noting is that all the three limiting
cases, i.e., egs 23, 25, and 27, are reduced to

z, = (wy + xkw,)(wy + w,y) =
1+ [(y — DhIw, — [(y — 1)°/yIw; (28)

under the condition of xy = 1. In this situation,
deviation of y from unity always delays the gel point
with the maximum value of z = (y + 1)%/(4y) at wp =
0.5.

Conclusion

Gel formation is an important feature in free-radical
polymer grafting. Due to the different possible genera-
tion and termination reactivities of polymer backbone
radicals, the molecular processes involved in cross-
linking proceed in a nonrandom manner. In other
words, one type of radical might be preferentially
terminated either with the same type or with the other
type.

In this work, the classical theory of random cross-
linking is extended to take into account the effect of the
nonrandomness on gelation. A general model in the
form of differential equations, eqs 12—14, is developed
using the method of moments. It is found that the
development of molecular weights in pregel period and
the gel point are controlled by two Kinetic constants,
the ratio of the rate constants of atom abstraction « and
the product of the termination reactivity ratios rir,, and
two experimental parameters, the polymer weight frac-
tion w, and the ratio of the weight-average chain lengths
of two primary polymers y.

Analytical solutions are also provided for three useful
limiting cases: rir, = 0, 1, and «. The model fully
agrees with the classical gelation theory3# under the
condition of random cross-linking (i.e., rir; = « = 1). It
deviates from the classical theory when the cross-linking
process becomes nonrandom. Our calculations show
that the further removed from unity « and/or rir; is, the
farther the cross-link density, z, at the gel point will be
displaced from the random cross-linking line (z = 1).
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Appendix A

An effective starting point to develop a kinetic model
is to constitute population balance equations for indi-
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vidual reactant species. Based on the elementary
reactions, i.e., egs 1—5, the population balance equations

for Ry o, R and Py are

r,ms
dR:, ol I RPN
dat = KapRoMPrm = (Kein Yoo T KeunYo,0)Rrm & 0
(A1)
I
dRym I TRYSTEY
at KapRoMPr m — (Keyn Yoo + KeimYo,0)Rrm ~ 0
(A2)
P S SRR+
=Ko
dt 2 t 4 £ s,n r-s,m—n
r m-—1 r m—1
Kt,I/II R; anl’I s,m—n += Kt “/“20 ZR;InR:I s,m—n
S= n= s=0n=

(rK, + MKLRGP, 1, (A3)

where t is the reaction time.

In principle, egs A1—A3 can be solved numerically to
obtain the bivariate values of P,mn. However, the
assignment is very laborious if not impossible because
of the huge numbers of r and m values, particularly
when the system approaches the gel point. One can
therefore resort to the use of the method of moments!6.17
to obtain average chain properties. Let us define the
following moments:

=3 P, , (A4)
r=1m=1

Yis= 22" rm'Ry (A5)
r=1lm=1

V=2 3T ‘MR, (A6)
r=1lm=1

After very lengthy but straightforward algebra, the
following set of ordinary differential equations of mo-
ments can be obtained:

|
dY”—K'R K, Yo 4+ K a YN Y ~ 0
dt ab 0Q|+11 ( t,1/1 10,0 t,1/11 0,0) ij ™~
(A7)

"
(K, |/||Y00 + Ky ||/||YE)|0)Y L~ 0

TIJ = KLIbRoQi,j+l
(A8)

dQ., 1

S
b
o N

(KLbRoQir1; + KipRoQiji1) (A9)
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Introducing the steady-state hypothesis to eqs A7 and
A8 yields

Yil,j = 0Qjyq; (A10)
Yij = BQij (A11)
dQ;;
dt
tI/I ZkZOZ( )( )Qk+1 |QI k+1,j—1 + Q11Q|+1O +
Keimop Z)Z)( )( )Qk+1IQ| kj-i+1 T Q1Qi1 +
Qi+1,0Q0,j+1 + Kt,u/uﬁ2 X
1 Jd[i\(j
EKZO; W\ Qk,l+1Qifk,jfl+1 + Qi,lQo,j+1 (A12)
where
KR
o= T (A13)
Kt,I/IYO,O + Ko Yoo
KR,
B= m (A14)
Kt,I/IIYO,O + Kt,II/IIYO,O
For the first moments, eq (A12) gives
dQ, /dt=0
dQ,,/dt=0 (A15)

i.e., the total numbers of monomeric units of both types
remain unchanged during grafting.

For convenience in discussion, we use the cross-link
density instead of time as the independent variable. The
concentration of cross-link points B can be followed up
by

dB/dt = Kt,I/IY(I),OY(I),O + ZKI,I/IIY(I),OY(I)I,O + Kt,n/nY(I)I,oY:)I,o

Kt,l/lale,OQl,O + 2K 1108Q10Q0,1 T
KeimBQo1Qo1 (AL6)

The number of cross-link points per monomeric unit is

y=B/(Q10+ Qo1) (Al7)
Defining the relative moments as
dij = Qij/(Quo + Qo) (A18)

and replacing t by y in eq A12 yields
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dg; 1

- 2 22
ay  rrw? + 2iw,w, + A%wA3

1| 1j 1
r,r
. ZLKZZ

Iljl

qk+l,lqi—k+1,j—l + 0y jGir10| T

Qk+1 Qi—kj—t+1 T d1j%i1 T Adiv10%05+1| T

1| 1j— 1
’2 ZZ qk,l+1qi—k,j—l+1 + Qo j+1bia|f (AL9)
&

where

Bro _ (kw, —wy) + VW, — W) + Ak rw,w,

A= (03 2w,

(A20)

Note that the first relative moments are the weight
fractions of the two types of monomeric units, i.e.

W; =049
Wy = (o1 (A21)

For a gelation study, only the following second-order
moments need to be considered,

da,, _ rlrzqg,o + 240,00, 1 T lzcﬁ,l
dy FLWa + 24w, W, + 2°W5

(A22)

dg, , _ 0,001 + lqil + 40002 T lqul%,z
dy rWa + 24w, W, + 2°W5

(A23)
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dqp, _ rerqil + 240, 100, + /IZQ(Z),z

(A24)
dy rroWs 4+ 2Aw,w, + A°w5
The initial conditions are
q2,0 = W1rwp,1 (A25)
0;,=0 (A26)
Oo2 = Wolyp 2 (A27)

Equations 12—14 in the text are obtained by substi-
tuting

Uij = 0 fTwp (A28)

into eqs A22—A24.
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